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CONTACT TWISTOR SPACES AND ALMOST CONTACT
METRIC STRUCTURES
JOHANN DAVIDOV, CHRISTIAN L. YANKOV
Abstract. The notions of a twistor space of a contact manifold and a contact
connection on such a manifold have been introduced by L. Vezzoni as extensions
of the corresponding notions in the case of a symplectic manifold. Given a contact
connection on a contact manifold one can define an almost CR-structure on its
twistor space and Vezzoni has found the integrability condition for this structure.
In the present paper it is observed that the CR-structure is induced by an almost
contact metric structure. The main goal of the paper is to obtain necessary and
sufficient conditions for normality of this structure in terms of the curvature of
the given contact connection. Illustrating examples are discussed at the end of the
paper.
Mathematics Subject Classification (2010): 53C28; 53D15
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1. Introduction
Let M be a contact manifold with contact form α and contact distribution D.
The restriction of dα to D is a symplectic form and L. Vezzoni [10] has defined the
contact twistor space of M as the bundle over M whose fiber at any point p ∈ M
consists of all complex structures on Dp, the fibre of D at p, compatible with the
symplectic form dα|D. He has also introduced the notion of a contact connection on
M and showed that, given such a connection∇, one can define a natural almost CR-
structure on the contact twistor space of M in a way that resembles the standard
twistor construction. Vezzoni has found the integrability condition for this almost
CR-structure in terms of the curvature of the connection ∇.
In this note we observe that the CR-structure considered in [10] is induced by
an almost contact metric structure on the contact twistor space of M . As usual
in twistor theory, one can define one more almost contact metric structure and the
main purpose of this paper is to discuss the normality of these almost contact metric
structures. Recall that normality is an important property of an almost contact
manifold N , which means that the product manifold N ×S1 is a complex manifold
with the complex structure induced by the almost contact one (cf., for example, [1]).
As one can expect, the integrability condition for the first almost contact metric
structure can be expressed in terms of the curvature of the connection ∇, while
the second one is never normal. Considering the two induced CR-structures, we
reprove the Vezzoni integrability result for the first one and show that the second
CR-structure is never integrable. Examples illustrating the obtained results are
discussed in the last section of the paper.
The first named author is partially supported by the National Science Fund, Ministry of Edu-
cation and Science of Bulgaria under contract DFNI-I 02/14.
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2. Preliminaries
2.1. Compatible complex structures on a symplectic vector space. Let
D be a 2n-dimensional real vector space endowed with a non-degenerate skew-
symmetric 2-form ω. Denote by Z = Z(D, ω) the set of all complex structures J on
the vector space D compatible with the form ω, i.e. such that ω(Jx, Jy) = ω(x, y)
and ω(x, Jx) > 0 if x 6= 0. This set is a submanifold of the symplectic Lie algebra
sp(ω) = {S ∈ End(D) : ω(Sx, y) + ω(x, Sy) = 0, x, y ∈ D}.
The tangent space TJZ (considered as a subspace of sp(ω)) is
TJZ = {V ∈ End(D) : V J + JV = 0, ω(V x, y) + ω(x, V y) = 0}.
The smooth manifold Z admits a natural almost complex structure J defined by
J V = JV for V ∈ TJZ.
Every J ∈ Z is an orthogonal transformation of D with respect to the Euclidean
metric gJ(x, y) = ω(x, Jy). If E1, . . . , E2n is a gJ -orthonormal basis such that
JEi = Ei+n, i = 1, . . . , n, then
ω(Ei, Ej) = ω(Ei+n, Ej+n) = 0, ω(Ei, Ej+n) = δij .
A basis that satisfies the latter identities is called symplectic. Vice versa, given a
symplectic basis E1, . . . , E2n, define a complex structure J on the vector space D
setting JEi = Ei+n, JEi+n = −Ei, i = 1, . . . , n. Then J ∈ Z and the symplectic
basis is gJ -orthonormal.
The metric gJ induces a metric GJ on the vector space End(D),
GJ (A,B) = Trace{D ∋ x→ gJ(Ax,Bx)}, A,B ∈ End(D).
Then Z ∋ J → GJ |TJZ is a (smooth) Riemannian metric on the manifold Z
compatible with the almost complex structure J .
Let J ∈ Z and let Eα, α = 1, . . . , 2n, be an orthonormal basis of D with respect
to the metric gJ such that JEi = Ei+n, i = 1, . . . , n. Define a basis Lαβ of the
vector space End(D) by
LαβEγ = δαγEβ , α, β, γ = 1, . . . , 2n.
This basis is orthonormal with respect to the metric GJ on End(D) induced by gJ .
Set
(1)
Vij =
1
2
(Li+n,j + Lj+n,i + Li,j+n + Lj,i+n), i 6= j, i, j = 1, . . . , n,
Vii =
1√
2
(Li+n,i + Li,i+n), i = 1, . . . , n.
These endomorphisms of D are orthonormal, lie in TJZ and
(2)
J Vij = 1
2
(Li+n,j+n + Lj+n,i+n − Li,j − Lj,i), i 6= j i, j = 1, . . . , n,
J Vii = 1√
2
(Li+n,i+n − Li,i), i = 1, . . . , n.
Thus {Vij ,J Vij : 1 ≤ i ≤ j ≤ n} is a GJ -orthonormal basis of TJZ.
Denote by symm(ω) the set of endomorphisms S of D that are ω-symmetric, i.e.
ω(Sx, y) = ω(x, Sy). Then
End(D) = sp(ω)⊕ symm(ω).
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Given A ∈ End(D) define an endomorphism A∗ of D by
ω(A∗x, y) = ω(x,Ay).
Then Aˇ = 12 (A− A∗) and Aˆ = 12 (A +A∗) are the projections of A onto sp(ω) and
symm(ω), respectively.
For every J ∈ Z, we also have the direct sum decomposition
sp(ω) = TJZ ⊕ {S ∈ sp(ω) : JS − SJ = 0}.
The projection of an endomorphism U ∈ sp(ω) to TJZ is given by prJ (U) =
1
2 (U + JUJ). Thus
prJ(A) =
1
2
(Aˇ+ JAˇJ).
is the projection of A ∈ End(D) to TJZ with respect to the decomposition
End(D) = TJZ ⊕ {S ∈ sp(ω) : JS − SJ = 0} ⊕ symm(ω).
Let U ∈ TJZ and let V be a vector field on a neighbourhood of J . Take any
smooth function sp(ω) → sp(ω) that coincides with V on a neighbourhood of J
and denote this function again by V . It follows from the Koszul formula that the
Levi-Civita connection D of the Riemannian manifold (Z, G) is given by
(3) (DUV )J = prJ
(
V ′(J)(U)
)
where V ′(J) ∈ End(sp(ω)) is the derivative of the function V : sp(ω) → sp(ω).
Then
(DUJ V )J = prJ
(
UVJ + J(V
′(J))(U)
)
= JprJ
(
V ′(J)(U)
)
= J (DUV )J
Therefore (G,J ) is a Ka¨hler structure on Z.
The Lie group Sp(ω) of linear transformationsQ of D that preserve ω, ω(Qx,Qy)
= ω(x, y), acts transitively on Z by conjugation. Indeed, if J, J ′ ∈ Z, take symplec-
tic bases Eα and E
′
α, α = 1, . . . , 2n, determined by J and J
′, respectively. Then,
if Q is the linear transformation of D defined by QEα = E′α, we have Q ∈ Sp(ω)
and J ′ = QJQ−1. Denote the isotropy subgroup of Sp(ω) at a point J0 ∈ Z by
U(J0). Thus Z is the homogeneous space Sp(ω)/U(J0). Note also that the complex
structure J and the metric G on Z are invariant under the action of Sp(ω).
The Lie algebras of the groups Sp(ω) and U(J0) are sp(ω) and u = {S ∈
sp(ω) : SJ0 − J0S = 0}. Set m = {S ∈ sp(ω) : SJ0 + J0S = 0}. Then
sp(ω) = u⊕m, [u,m] ⊂ m, [m,m] ⊂ u.
Fix a symplectic basis E0α, α = 1, . . . , 2n, such that J
0E0i = E
0
i+n, J
0E0i+n = −E0i ,
i = 1, . . . , n. Consider the isomorphism of D with R2n that sends E0α to the
standard basis of R2n . Then Sp(ω) ∼= Sp(2n,R) and U(J0) ∼= U(n). Thus Z ∼=
Sp(ω)/U(J0) ∼= Sp(2n,R)/U(n) is a symmetric space. Recall that Sp(2n,R)/U(n)
is diffeomorphic to the Siegel upper half plane Sn, which is the set of complex
symmetric n×n-matrices Z = X+ iY with positive definite imaginary part Y (see,
for example, [5] or [9]). Indeed, let
ψ =
(
A B
C D
)
be the matrix representation of a transformation ψ ∈ Sp(2n,R) with respect to the
standard basis of R2n. Then
ψ ·Z = (AZ +B)(CZ +D)−1
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defines a transitive action of Sp(2n,R) on Sn. The isotropy subgroup at the matrix
iI ∈ Sn, I being the identity n × n-matrix, is U(n). Thus Sp(2n,R)/U(n) ∼= Sn.
Let J(Z) be the complex structure corresponding to Z = X + iY ∈ Sn under
the composite diffeomorphism Sn ∼= Sp(2n,R)/U(n) ∼= Z. Denote by Y 1/2 the
principal square root of the symmetric positive definite matrix Y . Then the matrix
ψ =
(
Y 1/2 XY −1/2
0 Y −1/2
)
represents a transformation in Sp(2n,R) (smoothly depending on (X,Y )) such that
ψ ·(iI) = Z. Hence
J(Z) = ψ
(
0 I
−I 0
)
ψ−1 =
( −XY Y +XY −1X
−Y −1 Y −1X
)
.
It is easy to check by means of the latter formula that the diffeomeorphism Z →
J(Z) is holomorphic, Sn being considered with its natural complex structure as
an open subset of the vector space of symmetric complex matrices. The manifold
Sn admits a Sp(2n,R)-invariant Ka¨hler metric H introduced and studied by Siegel
(see, for example, [7]). For W = U + iV ∈ TZSn, it is defined by
H(W,W ) = Trace(Y −1UY −1U + Y −1V Y −1V )
One can easily check that the biholomorphism Z → J(Z) sends the metric G on Z
to the metric 2H on Sn.
2.2. Sp(ω)-decomposition of curvature tensors. Let (M,ω) be a symplectic
manifold and ∇ a linear torsion-free connection on TM for which ∇ω = 0. Such a
connection always exists [4] (see also [8]). Let R be the curvature tensor of ∇.
Convention. We adopt the following definition for the curvature tensor R(X,Y ) =
∇[X,Y ] − [∇X ,∇Y ]. This differs by a sign from the definition used in [8, 10].
Set
R(X,Y, Z, U) = ω(R(X,Y )Z,U), X, Y, Z, U ∈ TM.
It has been observed in [8] that this covariant 4-tensor has the following proper-
ties:
(i) R(X,Y, Z, U) = −R(Y,X,Z, U);
(ii) R(X,Y, Z, U) = R(X,Y, U, Z);
(iii) R(X,Y, Z, U) +R(Y, Z,X,U) +R(Z,X, Y, U) = 0.
Now consider the space S of covariant 4-tensors on a symplectic vector space
(D, ω) having these properties. The group Sp(ω) acts on the space S in a natural
way. The irreducible decomposition of S under the action of Sp(ω) has been found
in [8]. To describe this decomposition we introduce the Ricci tensor of a tensor
R ∈ S in the usual way. Let R(X,Y )Z be the (1, 3)-tensor defined by
ω(R(X,Y )Z,U) = R(X,Y, Z, U).
Then the Ricci tensor of R is defined as
σR(X,Y ) = Trace{Z → R(X,Z)Y }.
Thus, if E1, . . . , E2n is a symplectic basis,
σR(X,Y ) =
n∑
i=1
[R(X,Ei, Y, Ei+n)−R(X,Ei+n, Y, Ei)].
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It has been shown in [8] that the Ricci tensor σR is symmetric. Let S
0 be the
subspace of tensors in S with vanishing Ricci tensor. Denote by Sr the subspace of
S consisting of all tensors in S of the form
(4)
R(X,Y, Z, U) =
1
2n+ 2
[− ω(X,Z)P (Y, U) + ω(Y, U)P (X,Z)
−ω(X,U)P (Y, Z) + ω(Y, Z)P (X,U)
−2ω(X,Y )P (Z,U)]
where P is a symmetric covariant 2-tensor.
Proposition 1. ([8]) (i) If n = 1, then S is an irreducible Sp(ω)-module and
S = Sr;
(ii) If n > 1, we have the following Sp(ω)-irreducible decomposition
S = S0 ⊕ Sr.
The projection to Sr of a tensor R ∈ S is given by the right-hand side of (4) with
P = σR ([8]).
Definition. As in [10], we shall say that a covariant 4-tensor R in S is of Ricci type
if R ∈ Sr (i.e. if R is a reducible symplectic curvature tensor in the terminology of
[8]).
2.3. Contact connections. Let M be a (2n + 1)-dimensional contact manifold
with contact form α. We denote the contact distribution Ker α by D and the Reeb
vector field by ξ.
Following [10], a linear connection ∇ on TM will be called contact, if for every
X ∈ TM and every three sections Y, Y1, Y2 of D and every two sections X1, X2 of
TM
(5) ∇XY is a section of D,
(6) ∇ξY = [ξ, Y ],
(7) ∇Xξ = 0,
(8) (∇Y dα)(Y1, Y2) = 0,
(9) [X1, X2] = ∇X1X2 −∇X2X1 − dα(X1, X2)ξ.
The last identity implies ∇Y1Y2−∇Y2Y1 = [Y1, Y2]−α([Y1, Y2])ξ = the projection
of [Y1, Y2] to D with respect to the decomposition TM = D ⊕ Rξ. Note also that
[ξ, Y ] = ∇ξY ∈ D, so α([ξ, Y ]) = 0.
Proposition 2. ([10]) Every contact manifold admits a contact connection. The
set of all contact connections on (M,α) is an affine space modeled on the space of
symmetric covariant 3-tensors on the contact distribution D.
Henceforward ∇ will denote a contact connection on M .
It is convenient to set ω = dα. Then
(10) ω(ξ, .) = 0,
while ω is a symplectic form on D.
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Lemma 1. For every contact connection ∇
∇ω = 0.
Proof. Let X,Y, Z be vector fields on M . If X,Y, Z are sections of D, then
(∇Xω)(Y, Z) = 0 by (8). Moreover, in view of (6),
(∇ξω)(Y, Z) = ξ(dα(Y, Z))− dα(∇ξY, Z)− dα(Y,∇ξZ)
= ξ(dα(Y, Z)) − dα([ξ, Y ], Z)− dα(Y, [ξ, Z]) = d(dα)(ξ, Y, Z) = 0.
We also have (∇Xω)(ξ, Z) = 0 for every X,Z ∈ TM since ω(ξ, .) = 0 and ∇Xξ =
0. 
Lemma 2. The curvature tensor R of a contact connection satisfies the following
identities
(i) ω(R(X,Y )Z,U) = ω(R(X,Y )U,Z), X,Y, Z, U ∈ TM ;
(ii) R(X,Y )Z +R(Y, Z)X +R(Z, Y )X = 0 (the Bianchi identity).
Proof. Since ∇ω = 0, we have
ω(∇X∇Y Z,U) = XY (ω(Z,U))−X(ω(Z,∇Y U))− Y (ω(Z,∇XU))
+ω(Z,∇Y∇XU)
and
ω(∇[X,Y ]Z,U) = [X,Y ](ω(Z,U))− ω(Z,∇[X,Y ]U).
It follows that ω(R(X,Y )Z,U) = −ω(Z,R(X,Y )U). This proves (i).
To prove (ii) we first note that R(· , ·)ξ = 0 since ∇ξ = 0, and that if Z ∈ D,
then R(· , ·)Z ∈ D since ∇ preserves the bundle D. Thus, to show the Binachi
identity, it is enough to consider the cases when X,Y, Z ∈ D and X,Z ∈ D, Y = ξ.
In the first case the Bianchi identity has been proved in [10, Lemma 2.6]. In the
second case, we have
R(X, ξ)Z +R(ξ, Z)X = −∇X∇ξZ +∇ξ(∇XZ −∇ZX) +∇Z∇ξX
+∇[X,ξ]Z +∇[ξ,Z]X
= −∇X [ξ, Z] +∇ξ[X,Z]D −∇Z [X, ξ] +∇[X,ξ]Z +∇[ξ,Z]X −∇[X,Z]ξ
= (−[X, [ξ, Z]] + [ξ, [X,Z]]− [Z, [X, ξ]])D − ξ(α([X,Z]))ξ
= −ξ(α([X,Z]))ξ.
where the subscript D means ”the projection to D”. It follows that R(X, ξ)Z +
R(ξ, Z)X = 0 since the left-hand side of the identity above lies in D. 
3. Almost contact metric structures on contact twistor spaces
Let M be a contact manifold with contact form α, contact distribution D and
Reeb field ξ, dimM = 2n+ 1. Set ω = dα as above.
Following [10] we define the contact twistor space of (M,α) as the bundle C →M
whose fibre at every point p ∈M is Z(Dp, ωp), the space of complex structures on
the vector space Dp compatible with the symplectic form ωp|Dp = dα|Dp.
The total space C is a submanifold of End(D). We imbed End(D) into End(TM)
setting Aξ = 0 for every A ∈ End(D), and shall consider C →M as a subbundle of
the bundle π : End(TM)→M .
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Remark 1. According to this convention, every J ∈ C will be considered as an
endomorphism of Tpi(J)M such that
(11) J2X = −X + α(X)ξ, X ∈ Tpi(J)M,
(12) ω(JX, JY ) = ω(X,Y ), X, Y ∈ Tpi(J)M,
(13) ω(Z, JZ) > 0 for Z ∈ Dpi(J), Z 6= 0.
Suppose we a given a contact connection ∇ on TM .
The connection ∇ induces a connection on the vector bundle End(TM) which
will also be denoted by ∇.
Remark 2. Let S be a section of the bundle C → M . Denote the extension of
S to a section of End(TM) by S¯, so S¯p|Dp = Sp, S¯p(ξp) = 0, p ∈ M . Then
(∇X S¯)(Z) = (∇XS)(Z) for X ∈ TpM , Z ∈ Dp since ∇ preserves the bundle D.
Also (∇X S¯)(ξ) = 0 since ∇ξ = 0. Thus, the extension of ∇XS is ∇X S¯.
Let H be the horizontal subbundle of TEnd(TM) defined by means of the con-
nection ∇ on End(TM).
Notation. Let J ∈ C and p = π(J). Take a basis e1, . . . , en, en+1 = Je1, . . . , e2n =
Jen ofDp = ImJ that is orthonormal with respect to the metric gJ(u, v) = ω(u, Jv)
on Dp. For this basis ω(ei, ej) = ω(ei+n, ej+n) = 0, ω(ei, ej+n) = δij , i, j =
1, . . . ., n. Since by Lemma 1 ω is ∇-parallel, there exists a frame of vector fields
E1, . . . , E2n in a (geodesically convex) neighbourhood of p such that
Er(p) = er, ∇Er |p = 0, r = 1, . . . , 2n,
ω(Ei, Ej) = ω(Ei+n, Ej+n) = 0, ω(Ei, Ej+n) = δij , i, j = 1, . . . ., n.
Define a section S of End(TM) by
SEi = Ei+n, SEi+n = −Ei, i = 1, . . . , n, Sξ = 0.
Then S is a section of C such that
S(p) = J, ∇S|p = 0.
It follows that, for every J ∈ C and X ∈ Tpi(J)M , the horizontal lift XhJ =
S∗(X) ∈ HJ of X lies in TJC, i.e. the horizontal spaces HJ , J ∈ C, are tangent
to the manifold C. Thus, if VJ = Ker (π|C)∗ is the vertical space of the bundle
C →M , we have the direct sum decomposition
TJC = VJ ⊕HJ .
Let (U, x1, . . . , x2n+1) be a local coordinate system of M . Define a frame Lαβ
of End(TM) setting LαβEγ = δαγEβ , 1 ≤ α, β, γ ≤ 2n + 1. If L ∈ π−1(U) ⊂
End(TM), we have
L =
2n+1∑
β,γ=1
yβγLβγ
for some smooth functions yβγ . Set x˜α(L) = xα ◦ π(L). Then (x˜α, yβγ) is a local
coordinate system of the manifold End(TM).
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Let [θµναβ ] be the connection matrix of ∇ with respect to the frame Lαβ :
∇XLαβ =
2n+1∑
µ,ν=1
θµναβ(X)Lµν , X ∈ TM.
Then, for every vector field
X =
2n+1∑
α=1
Xα
∂
∂xα
on U , the horizontal lift Xh on π−1(U) is given by
(14) Xh =
2n+1∑
α=1
(Xα ◦ π) ∂
∂x˜α
−
2n+1∑
β,γ,µ,ν=1
yβγ(θµνβγ(X) ◦ π)
∂
∂yµν
.
Let L ∈ End(TM) and p = π(L). Then (14) implies that under the standard
identification TLEnd(TpM) ∼= End(TpM) we have
(15) [Xh, Y h]L = [X,Y ]
h
L +R(X,Y )L,
where R(X,Y )L is the curvature of the connection ∇ on End(TM).
Remark 3. Note that, for J ∈ C, the isomorphism TJEnd(Tpi(J)M) ∼= End(Tpi(J)M)
identifies the vertical space VJ of the bundle C → M with the space of endomor-
phisms U of Tpi(J)M such that Uξ = 0, JU + UJ = 0, ω(UX, Y ) + ω(X,UY ) = 0,
X,Y ∈ Tpi(J)M .
Remark 4. Given J ∈ C, denote for a moment the extension of the endomorphism
J of Dp, p = π(J), to an endomorphism of TpM by J¯ (J¯ |Dp = J , J¯ξ = 0). Then,
for X,Y ∈ TpM , R(X,Y )J¯ is the extension of the endomorphism R(X,Y )J of Dp
since ∇ preserves D and ∇ξ = 0.
Remarks 1-4 show that the imbedding End(D) →֒ End(TM) has nice properties
in the context of our considerations.
As usual in twistor theory, we can define two endomorphisms Φk of TC setting
ΦkX
h
J = (JX)
h
J for X ∈ Tpi(J)M, ΦkV = (−1)k+1JV for V ∈ VJ .
Clearly, Φ3k + Φk = 0, rankΦk = 2n. Recall that an endomorphism of the
tangent bundle of a manifold with these properties is called a partially complex
structure or a f -structure. Note also that Φk(ξ
h) = 0.
The fibre of the subbundle ImΦk of TC at a point J ∈ C is the space VJ ⊕
{XhJ : X ∈ Dpi(J)}. Set E = ImΦ1(= ImΦ2). Then (E ,Φk|E) is an almost CR-
structure on C. For k = 1, the integrability condition for this structure has been
obtained in [10].
For every t > 0, we define a Riemannian metric Gt on C as follows: Let J ∈ C
and p = π(J). For X,Y ∈ Dp, we set Gt(XhJ , Y hJ ) = ω(X, JY ) and Gt(XhJ , ξhJ ) = 0.
Thus
Gt(X
h
J , Y
h
J ) = ω(X, JY ) + α(X)α(Y ) for every X,Y ∈ TpM.
On the vertical subspace VJ of TJC, we set G|VJ = tGJ , t-times the metric on the
fibre through J . Finally, the horizontal and vertical spaces at J are declared to be
orthogonal. Then (Φk, ξ
h, Gt) is an almost contact metric structure on C. We refer
to [1] for general facts about (almost) contact metric structures.
The main purpose of this section is to find conditions onM under which (Φk, ξ
h, Gt)
is a normal structure. Recall that any almost contact metric structure (ϕ, ξ, g) on
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a manifold N induces an almost complex structure K on the manifold N × S1 for
which KX = ϕX for X ∈ TN , X ⊥ ξ, Kξ = − ∂
∂s
∈ TS1 where s is the local coor-
dinate e2piis → s on S1. The structure (ϕ, ξ, g) is said to be normal if the induced
almost complex structure on N × S1 is integrable. It is well-known that (ϕ, ξ, g) is
a normal structure if and only if the tensor N (1)(X,Y ) = ϕ2[X,Y ] + [ϕX,ϕY ] −
ϕ[ϕX, Y ]−ϕ[X,ϕY ]+dη(X,Y )ξ vanishes, where η(X) = g(X, ξ) (see, for example,
[1]; the definition of dη used here is twice the one in [1]). For the almost contact
structure (Φk, ξ
h, Gt) this tensor will be denoted by N
(1)
k .
Let A be a (local) section of End(TM) with Aξ = 0 (i.e. a section of End(D)).
Define a section A∗ of End(D) by ω(A∗X,Y ) = ω(X,AY ), X,Y ∈ TM , and
consider it as a section of End(TM) (A∗ξ = 0). Then
Aˇ =
1
2
(A−A∗)
is an ω-skew-symmetric section of End(TM), and we can define a vertical vector
field A˜ on C setting
(16) A˜J =
1
2
(Aˇpi(J) + J ◦ Aˇpi(J) ◦ J).
Lemma 3. If J ∈ C and X is a vector field near the point p = π(J), then
(i) [Xh, A˜]J = (∇˜XA)J ,
(ii) [Xh,ΦkA˜]J = Φk(∇˜XA)J , k = 1, 2 ,
(iii) [ΦkX
h, A˜]J = (∇˜JXA)J − (A˜JX)hJ ,
(iv) [ΦkX
h,ΦkA˜]J = Φk(∇˜JXA)J − (Φk(A˜J )X)hJ .
Proof. Note first that by (14)
(17) [Xh,
∂
∂yβγ
]J = 0, X
h
J =
2n+1∑
α=1
Xα(p)(
∂
∂x˜α
)J .
Let AEα =
∑2n+1
β=1 a
αβEβ , A
∗Eα =
∑2n+1
β=1 a
∗αβEβ , AˇEα =
∑2n+1
β=1 aˇ
αβEβ . Then
(18) A˜ =
2n+1∑
α,β=1
a˜αβ
∂
∂yαβ
,
where
(19) a˜αβ =
1
2
[aˇαβ ◦ π +
2n+1∑
µ,ν=1
yαµ(aˇµν ◦ π)yνβ ], aˇαβ = 1
2
(aαβ − a∗αβ).
In view of (17), it follows that
(20) [Xh, A˜]J =
1
2
2n+1∑
α,β=1
{Xp(aˇαβ) +
2n+1∑
µ,ν=1
yαµ(J)Xp(aˇ
µν)yνβ(J)}( ∂
∂yαβ
)J .
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On the other hand, we have (∇XpAˇ)(Eα) =
∑2n+1
β=1 Xp(aˇ
αβ)(Eβ)p. Note also that
ω((∇XA∗)(Y ), Z) = ω(Y, (∇XA)(Z))
for every Y, Z ∈ D where (∇XA∗)(Y ) ∈ Dp. Moreover, (∇XA∗)(ξ) = 0. Thus
(∇XA)∗ = ∇XA∗, hence (∇XA)ˇ = ∇XAˇ. It follows that
(∇˜XA)J = 1
2
(∇XpAˇ− J ◦ ∇XpAˇ ◦ J).
Therefore the right-hand side of (20) equals (∇˜XA)J .
The second formula of the lemma can be proved by similar computations taking
into account that
(21) ΦkA˜ = (−1)k+1
2n+1∑
α,β,γ=1
yαβ a˜βγ
∂
∂yαγ
.
Set X =
∑2n+1
α=1 f
αEα. Then
(22) ΦkX
h =
2n+1∑
α,β=1
(fα ◦ π)yαβEhβ .
This and the first formula of the lemma imply (iii).
Formula (iv) follows from (ii) and (22).

Lemma 4. For every two vector fields X,Y near the point p = π(J) and every two
integers a, b ≥ 0, we have
[ΦakX
h,ΦbkY
h]J = [S
aX,SbY ]hJ +Rp(J
aX, JbY )J, k = 1, 2.
Proof. This follows from the identities (ΦakX)
h
J = S∗ p(J
aXp), Φ
a
kX
h◦S = (SaX)h◦
S and formula (15). 
Denote by D = Dt the Levi-Civita connection of the metric Gt.
Lemma 5. If X,Y, Z are vector fields on a neighbourhood of the point p = π(J),
then
Gt(DXhY
h, Zh)J = Gt((∇XY )h, Zh)J + [Xp(α(Y ))− αp(∇XY )]αp(Z)
+
1
2
[αp(X)ωp(Y, Z) + αp(Y )ωp(X,Z)− αp(Z)ωp(X,Y )]
Proof. Take a local section S of C such that S(p) = J and ∇S|p = 0. Then by the
Koszul formula and (15) we have
2Gt(DXhY
h, Zh)J = Xp(ω(Y, SZ)) +X(α(Y )α(Z))
+Yp(ω(Z, SX)) + Y (α(Z)α(X)) − Zp(ω(X,SY ))− Z(α(X)α(Y ))
+ωp(Z, J [X,Y )) + αp(Z)αp([X,Y ]) + ωp(Y, J [Z,X ]) + αp(Y )αp([Z,X ])
+ωp(X, J [Z, Y ]) + αp(X)αp([Z, Y ]).
It follows from Lemma 1 that
Xp(ω(Y, SZ)) = ω(∇XpY, JZ) + ω(Y, J∇XpZ)
in view of the identity ∇S|p = 0. Moreover, we have
ω(Z, J [X,Y ]) = ω(Z, J∇XY )− ω(Z, J∇YX)
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by (9) and (10). Also,
α(Z)α([X,Y ]) = −α(Z)ω(X,Y ) + [X(α(Y ))− Y (α(X))]α(Z)
since ω = dα.
These identities easily imply the lemma. 
Notation. Let A1, . . . , An2+n be sections of End(D) such that A1(p), . . . , An2+n(p)
is a basis of the vertical space VJ ⊂ End(TpM) and ∇Aε|p = 0, ε = 1, . . . ., n2 + n.
Then the vector fields A˜ε constitute a frame of the vertical bundle in a neighbour-
hood of J .
The Koszul formula and Lemma 3 (i) imply that (DA˜εA˜δ)J is orthogonal to
every horizontal vector XhJ , X ∈ TpM . Thus we have the following
Lemma 6. The fibres of the bundle π : C →M are totally geodesic submanifolds.
Lemma 7. If X,Y are vector fields on a neighbourhood of the point p = π(J) and
V is a vertical vector field in a neighbourhood of J , then
(23) Gt(DXhY
h, V )J =
1
2
[−ω(Xp, VJYp) +Gt(Rp(X,Y )J, VJ )],
(24) DVX
h = HDXhV, Gt(DVXh, Y h)J = −Gt(DXhY h, V )J ,
where H means ”the horizontal component”.
Proof. The Koszul formula, Lemma 3 (i) and identity (15) imply
2Gt(DXhY
h, A˜ε)J = −(A˜ε)J (Gt(Xh, Y h)) +Gt(Rp(X,Y )J, A˜ε).
Let γ be a curve in the fibre of C through the point J such that γ(0) = J and
.
γ (0) = (Aε)J . Then
(A˜ε)J (Gt(X
h, Y h)) =
d
dt
(ω(Xp, γ(t)Yp) + α(Xp)α(Yp))|t=0
= ω(Xp, (Aε)JYp).
This proves the first formula of the lemma.
By Lemma 6, DVX
h is orthogonal to every vertical vector field, thus it is hor-
izontal. Moreover, [V,Xh] is a vertical vector field, hence DVX
h = HDXhV . We
also have
Gt(DVX
h, Y h) = Gt([V,X
h] +DXhV, Y
h) = −Gt(V,DXhY h).

Lemmas 5 and 7 imply the following.
Corollary 1. Let X,Y ∈ TpM and V,W ∈ VJ . Then
Gt(DXhξ
h, Y h)J =
1
2
ω(X,Y ), Gt(DV ξ
h,W ) = 0
Gt(DXhξ
h, V )J = Gt(DV ξ
h, Xh)J =
1
2
Gt(R(X, ξp)J, V ).
Corollary 2.
dηt(X
h, Y h) = ω(X,Y ), dηt(X
h, V ) = dηt(V,W ) = 0, δηt = 0.
Corollary 3. Every integral curve of ξh is a geodesic in (C, Gt).
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Corollary 4. The vector field ξh on (C, Gt) is Killing if and only if R(X, ξ)Y = 0
for every X,Y ∈ TM .
Proof. By Corollary 1, ξh is Killing if and only if R(X, ξ)J = 0 for every J ∈ C and
X ∈ Tpi(J)M . Fix a tangent vector X ∈ TpM and suppose that R(X, ξ)J = 0 for
every J in the fibre Cp of the bundle C. Let e1, . . . , e2n be a symplectic basis of Dp
and let J be the complex structure of Dp corresponding to this basis, Jei = ei+n,
i = 1, . . . , n. Then J ∈ Cp and the identity R(X, ξ)J = 0 implies
(25) ω(R(X, ξ)ei+n, ek) + ω(R(X, ξ)ei, ek+n) = 0, i, k = 1, . . . , n,
(26) ω(R(X, ξ)ei+n, ek+n)− ω(R(X, ξ)ei, ek) = 0.
For λ ∈ R, as in [9], consider the symplectic basis e′i = ei, e′i+n = λei+ei+n. Apply-
ing (25) for this basis, we get ω(R(X, ξ)ei, ek) = 0, hence ω(R(X, ξ)ei+n, ek+n) = 0
by (26). It follows from the identities
ω(R(X, ξ)ei, ek) = ω(R(X, ξ)ei+n, ek+n) = 0,
Lemma 2 (i), and identity (25) that ω(R(X, ξ)Z,Z) = 0 for every Z ∈ Dp. In
view of Lemma 2 (i), polarization of the latter identity gives ω(R(X, ξ)Y, Z) = 0
for Y, Z ∈ Dp. Therefore R(X, ξ)Y = 0 for Y ∈ Dp. For Y = ξ this is obvious.
Conversely, if R(X, ξ)Y = 0 for every X,Y , we have clearly R(X, ξ)J = 0, so ξh
is Killing. 
Proposition 3. Let J ∈ C, X,Y ∈ Tpi(J)M , V,W ∈ VJ . Then
N
(1)
k (X
h, Y h)J = −R(X,Y )J +R(JX, JY )J
−(−1)k+1J(R(JX, Y )J +R(X, JY )J) ,
N
(1)
k (X
h, V ) = [1 + (−1)k](JV X)hJ , N (1)k (V,W ) = 0 .
Proof. Extending X,Y to vector fields in a neighbourhood of the point p = π(J)
and taking into account Lemma 4, Corollary 2, and identity (9), we easily see that
HN (1)k (Xh, Y h)J =(− Sp(∇XS)p(Y ) + Sp(∇Y S)p(X) + (∇SXS)p(Y )− (∇SY S)p(X))hJ
−dα(SXp, SYp)ξhJ + ω(Xp, Yp)ξhJ ,
S being defined in Section 3. We have dα(SXp, SYp) = ω(JXp, JYp) = ω(Xp, Yp).
Hence
HN (1)k (Xh, Y h)J = 0
since ∇S|p = 0. Now the first formula of the lemma follows from Lemma 4 and the
fact that Φ2k = −Id on the vertical spaces.
Let A be a section of End(D) such that Ap = V . Denote by A˜ the vertical vector
field on C defined by (16). Then
N
(1)
k (X
h, V ) = N
(1)
k (X
h, A˜)J = [1 + (−1)k](JA˜JX)hJ
by Lemma 3 and Corollary 2.
Corollary 2 and the fact that Φk is a complex structure on the fibres of C imply
N
(1)
k (V,W ) = 0. 
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Now we set
RD(X,Y, Z, T ) = ω(R(X,Y )Z, T ) for X,Y, Z, T ∈ D.
Note that this covariant 4-tensor satisfies the identities (i), (ii), (iii) in Section 2.2
Theorem 1. (i) The almost contact metric structure (Φ1, ξ
h, Gt) is normal if and
only if R(X, ξ)Y = 0 for every X,Y ∈ TM and the tensor RD is of Ricci type.
(ii) The almost contact metric structure (Φ1, ξ
h, Gt) is never normal.
Proof. By Proposition 3, (Φ1, ξ
h, Gt) is a normal structure if and only ifN
(1)
1 (X
h, Y h)J =
0 for everyJ ∈ C and X,Y ∈ Tpi(J)M .
Note first that N
(1)
1 (X
h, Y h)J , with J , X,Y fixed, is a linear operator on Tpi(J)M
whose value at ξpi(J) is zero.
Take a point p ∈ M . According to Proposition 3, N (1)1 (Xh, ξh)J = 0 for J ∈ Cp
and X ∈ TpM , if and only if for every Z, T ∈ Dp and J ∈ Cp
(27)
ω(R(X, ξ)JZ, T ) + ω(R(X, ξ)Z, JT )
−ω(JX, ξ)JZ, JT ) + ω(R(JX, ξ)Z, T ) = 0.
This obviously holds for X = ξ, so assume that X ∈ Dp. Let eα, α = 1, . . . , 2n, be
a symplectic basis of Dp. It is convenient to set
Rα,β,γ = ω(R(eα, ξ)eβ , eγ).
Then
(28) Rα,β,γ = Rα,γ,β = Rβ,α,γ
For λ ∈ R, consider the symplectic basis e′i = ei, e′i+n = λei + ei+n. Applying (27)
for the complex structure J ′ corresponding to this basis andX = e′i, Z = e
′
j, T = e
′
k,
we obtain
(29)
Ri,j,k = 0,
Ri,j,k+n +Ri,j+n,k +Ri+n,j,k = 0, Ri,j+n,k+n +Ri+n,j,k+n +Ri+n,j+n,k = 0.
Consider also the symplectic basis e′′i = ei + λei+n, e
′′
i+n = ei+n. Setting X =
e′′i , Z = e
′′
j , T = e
′′
k in (27) and taking into account (29), we get
(30) Ri+n,j+n,k+n = 0, Ri+n,j+n,k = 0, Ri,j,k+n = 0.
Now Ri,j+n,k = Ri,k,j+n = 0 and Ri,j+n,k+n = Rj+n,i,k+n = Rj+n,k+n,i = 0 by (28)
and (30). Similarly, identities (28) and (30) imply Ri+n,j,k = Ri+n,j,k+n = 0. It
follows that Rα,β,γ = 0 for every α, β, γ = 1, . . . , 2n. Therefore ω(R(X, ξ)Z, T ) = 0
for every Z, T ∈ D. This implies R(X, ξ)Z = 0 since R(X, ξ)Z ∈ D and ω is
non-degenerate on D.
Conversely, if R(X, ξ)Z = 0 for every Z, identity (27) is obviously satisfied, so
N
(1)
1 (X
h, ξh) = 0, X ∈ TM .
Next, we discuss the identity N
(1)
1 (X
h, Y h)J = 0 for X,Y ∈ Dpi(J). It is conve-
nient to introduce the operator J− = 12 (Id + iJ) on the complexification DC of D
and to extend ω to DC by complex bilinearity. Then, taking into account Proposi-
tion 3, it is easy to check that ω(N
(1)
1 (X
h, Y h)J (Z), T ) = 0 for X,Y, Z, T ∈ Dpi(J),
if and only if RD(J
−X, J−Y, , J−Z, J−T ) = 0. The latter condition is equivalent
to RD being of Ricci type by [10, Lemma 1.1].
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This proves the first part of the theorem.
In order to see that the structure (Φ1, ξ
h, Gt) is not normal, we fix a point p ∈M
and take a symplectic basis E1, . . . , E2n of Dp. Let J be the complex structure on
Dp for which JEi = Ei+n, i = 1, . . . , n. Define a vertical vector V1,2 of C at J
by formula (1). Then V1,2E1 = E2+n, so N
(1)
2 (E
h
1 , V1,2)J = −2(Eh2 )J 6= 0, by
Proposition 3. 
Remark 5. Note that, by Corollary 4, the condition R(X, ξ)Y = 0 for every X,Y
means that the vector field ξh on (C, Gt) is Killing.
4. Almost CR-structures on contact twistor space
In this section we shall show that the almost CR-structure (E ,Φ2|E) is not
integrable, reproving in passing the integrability result of [10] for (E ,Φ1|E); here E
is the bundle over C whose fibre at a point J ∈ C is the space VJ ⊕ {XhJ : X ∈
Dpi(J)} = (Rξpi(J))⊥, the orthogonal complement being with respect to the metric
Gt.
Recall that an almost Cauchy-Riemann (CR) structure on a manifold N is a pair
(E ,Φ) of a subbundle E of the tangent bundle TN and an almost complex structure
Φ of the bundle E . For any two sections X,Y of E , the value of [X,Y ]mod E at
a point p ∈ N depends only on the values of X and Y at p, so we have a skew-
symmetric bilinear form L : E ×E → TN/E defined by L(X,Y ) = [X,Y ]mod E and
called the Levi form of the CR-structure (E ,Φ). If the Levi form is Φ-invariant, we
can define the Nijenhuis tensor of the CR-structure (E ,Φ) by
NCR(X,Y ) = −[X,Y ] + [ΦX,ΦY ]− Φ([ΦX,Y ] + [X,ΦY ]).
The value of this tensor at a point p ∈ N lies in E and depends only on the values
of the sections X,Y at p. An almost CR-structure is said to be integrable if its
Levi form is Φ-invariant and the Nijenhuis tensor vanishes. Let EC = E1,0 ⊕ E0,1
be the decomposition of the complexification of E into (1, 0) and (0, 1) parts with
respect to Φ. If the CR-structure (E ,Φ) is integrable, then the bundle E1,0 satisfies
the following two conditions:
E1,0 ∩ E1,0 = 0, [Γ(E1,0),Γ(E1,0)] ⊂ Γ(E1,0)
where Γ(E1,0) stands for the space of smooth sections of E1,0. Conversely, suppose
we are given a complex subbundle B of the complexified tangent bundle TCN such
that B ∩ B = 0 and [Γ(B),Γ(B)] ⊂ Γ(B) (many authors call a bundle with these
properties ”CR-structure”). Set E = {X ∈ TN : X = Z+ Z¯ for some (unique)Z ∈
B} and put ΦX = −2ImZ for X ∈ E . Then (E ,Φ) is an integrable CR-structure
such that E1,0 = B.
Let Lk be the Levi form of the almost CR-structure (E ,Φk), k = 1, 2.
Lemma 8. Let J ∈ C, X,Y ∈ Dpi(J) and U, V ∈ VJ . Then
Lk(XhJ , Y hJ ) = −ω(X,Y ), Lk(U, V ) = 0, Lk(Xh, V ) = 0.
Proof. Extend X and Y to sections of D near the point p = π(J) such that ∇X |p =
∇Y |p = 0. Then, by Lemma 5,
Lk(XhJ , Y hJ ) = Gt([Xh, Y h], ξh)J = Gt(DXhY h −DY hXh, ξh)J = −ωp(X,Y ).
Extend U, V to vertical vector fields. The vector fields [U, V ] and [Xh, V ] are
vertical, hence Lk(U, V ) = Lk(Xh, V ) = 0. 
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Corollary 5. The Levy form Lk is Φk-invariant, k = 1, 2.
Denote the Nijenhuis tensor of the CR-structure (E ,Φk) by NCRk .
Proposition 4. If P,Q ∈ E, then NCRk (P,Q) = N (1)k (P,Q).
Proof. Let J ∈ C and let X , Y be sections of D near the point p = π(J). Using
Lemma 4 and identity (9), we easily see that
HNCRk (Xh, Y h)J =(− Sp(∇XS)p(Y ) + Sp(∇Y S)p(X) + (∇SXS)p(Y )− (∇SY S)p(X))hJ
+
[
ω(Xp, Yp)− ω(SXp, SYp)
]
ξhJ .
Therefore,
HNCRk (Xh, Y h)J = 0 = HN (1)k (Xh, Y h)J
by Proposition 3. Lemma 4 implies also that VNCRk (Xh, Y h)J = VN (1)k (Xh, Y h)J .
It follows from Lemma 3 and Proposition 3 that NCRk (X
h, U)J = N
(1)
k (X
h, U)J for
every U ∈ VJ . Finally, if U, V ∈ VJ , then NCRk (P,Q) = N (1)k (P,Q) = 0 since Φk is
a complex structure on the fibres of C. 
Proposition 4 and the proof of Theorem 1 give the following.
Theorem 2. (i) ([10]) The almost CR structure (E ,Φ1) is integrable if and only
if the tensor RD is of Ricci type.
(ii) The almost CR structure (E ,Φ2) is never integrable.
5. Examples
Example 1. Let E1, E2, E3 be left-invariant vector fields on the group SO(3) such
that
[E1, E2] = E3, [E2, E3] = E1, [E3, E1] = E2.
If E∗1 , E
∗
2 , E
∗
3 is the dual frame, set α = −E∗3 . Then
dα(E1, E2) = 1, dα(E1, E3) = dα(E2, E3) = 0.
Thus α is a contact form on SO(3) with contact distribution D = span{E1, E2}
and Reeb vector field ξ = −E3.
It is easy to check that for every contact connection the tensor RD is of Ricci
type.
A simple example of a contact connection ∇ can be found setting
∇EiE1 = aiE1 + biE2, ∇EiE2 = ciE1 + diE2, i = 1, 2,
where ai, bi, ci, di ∈ R. Then the identities
(∇E1dα)(E1, E2) = (∇E2dα)(E1, E2) = 0
are equivalent to
(31) a1 = −d1, a2 = −d2.
We have
[E1, E2] = ∇E1E2 −∇E2E1 + α
(
[E1, E2]
)
ξ, i, j = 1, 2,
if and only if
(32) a2 = c1, b2 = d1.
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Suppose that identities (31) and (32) are satisfied and set ∇ξEi = [ξ, Ei], i = 1, 2,
and ∇ξ = 0. Then ∇ is a contact connection for which
R(E1, ξ)E1 = (2a2 + b1)E1 + 3d1E2,
R(E1, ξ)E2 = (c2 + 2d1)E1 − (b1 − 2d2)E2
R(E2, ξ)E2 = 3d2E1 − (2d1 + c2)E2.
Thus R(X, ξ)Y = 0 for X,Y ∈ D if and only if ai = bi = ci = di = 0, i = 1, 2.
Example 2. Let G be the simply connected 5-dimensional Lie group with Lie algebra
generated by left-invariant vector fields E1, . . . , E5 whose non-zero Lie brackets are
[E2, E3] = E1, [E2, E5] = E2, [E3, E5] = −E3, [E4, E5] = E1.
One can easily see that the group G is solvable. If E∗1 , . . . , E
∗
5 is the dual frame of
left-invariant 1-forms, E∗1 is a contact form on G. It is shown in [3] that G admits a
lattice Γ such that the quotient G/Γ is compact (recall that such a lattice is called
uniform). In fact, G is one of the groups in the list, obtained in [3], of all simply
connected solvable 5-dimensional Lie groups admitting a left-invariant contact form
and a uniform lattice.
Let s 6= 0 be a real number. Then α = sE∗1 + E∗4 is a contact form on G with
contact distribution D = span{E2, E3, E4 − 1
s
E1, A5} and Reeb field ξ = 1
s
E1. It
is convenient to set
A1 = E2, A2 = E3, A3 = E4 − 1
s
E1, A4 = E5, A5 = ξ.
We have the following table for the non-zero Lie brackets of the vector fields
A1, . . . , A5
[A1, A2] = sA5, [A1, A4] = A1, [A2, A4] = −A2, [A3, A4] = sA5.
The only non-zero values of the form ω = dα are
ω(A1, A2) = ω(A3, A4) = −s.
Let ∇′ be the connection on G for which
∇′AiAj = 12 ([Ai, Aj ]− α([Ai, Aj ])ξ), i, j = 1, . . . , 4,
∇′A5Ai = [A5, Ai], i = 1, . . . , 4, ∇′A5 = 0.
This connection satisfies all conditions in the definition of a contact connection
except the condition (8) (for example, (∇′A1ω)(A2, A4) = − s2 6= 0). To get a
contact connection we follow the procedure used in the proof of [10, Theorem 2.5].
If N is the tensor on D defined by
ω(N (X,Y ), Z) = (∇′Xω)(Y, Z), X, Y, Z ∈ D,
set
∇˜XY = ∇′XY +
1
3
N (X,Y ) + 1
3
N (Y,X) for X,Y ∈ D,
∇˜ξX = [ξ,X ] for X ∈ D, ∇˜ξ = 0.
Then ∇˜ is a contact connection.
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In our case, the non-zero values of N are
N (A1, A2) = N (A2, A1) = 1
2
A3, N (A1, A4) = −1
2
A1,
N (A2, A4) = 1
2
A2.
Thus we have the following table for the connection ∇˜
∇˜A1A2 =
1
3
A3, ∇˜A1A4 =
1
3
A1, ∇˜A2A1 =
1
3
A3, ∇˜A2A4 = −
1
3
A2
∇˜A4E1 = −
2
3
A1, ∇˜A4E2 =
2
3
A2
and all other ∇˜AiAj vanish.
The tensor RD for this connection is not of Ricci type (identity (4) with P = σ
is not satisfied for X = A1, Y = A4, Z = A4, U = A4). According to [10, Theorem
2.5] every contact connection ∇˜ is of the form
∇XY = ∇˜XY + S(X,Y )
where S(X,Y ) is a tensor with the following properties:
(a) S(X,Y ) takes its values in D;
(b) S(X, ξ) = S(ξ,X) = 0 for every X ;
(c) S(X,Y ) = S(Y,X);
(d) ω(S(X,Y ), Z) is a symmetric 3-tensor.
In order to find a tensor S such that the curvature RD of the corresponding con-
nection ∇ is of Ricci type, we have used a computer computation. This suggested
the following simple choice of S
S(A1, A2) = S(A2, A1) = −1
3
A3, S(A1, A4) = S(A4, A1) = −1
3
A1,
S(A2, A4) = S(A4, A2) =
1
3
A2,
all other S(Ai, Aj) = 0. Under that choice of S we get a flat contact connection ∇
for which
∇A4A1 = −A1, ∇A4A2 = A2, ∇AiAj = 0 for (i, j) 6= (4, 1), (4, 2).
Example 3. As in [2, Example 2], consider a 5-dimensional Lie group G with Lie
algebra generated by left-invariant vector fields E0, E1, . . . , E4 whose non-zero Lie
brackets are
[E0, E1] = −E1, [E0, E2] = E2, [E1, E2] = E3,
[E1, E4] = −E1, [E3, E4] = −E3
Let s 6= 0 be a real number. If E∗0 , E∗1 , . . . , E∗4 is the dual frame of left-invariant
1-forms, α = E∗3 + sE
∗
0 is a contact form on G with contact distribution D =
span{E1, E2, E4, sE3 − E0} and Reeb field ξ = 1
s
E0. Set
A1 = E1, A2 = E2, A3 = E4, A4 = sE3 − E0, A5 = ξ.
Considerations similar to that in the preceding example lead to the following non-
flat contact connection ∇ whose curvature R satisfies the identity R(X, ξ)Y = 0
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for every X,Y and the tensor RD is of Ricci type (thus, the almost contact metric
structure (Φ1, ξ
h, Gt) is normal):
∇A1A2 =
1
2s
A4, ∇A1A3 = −
1
2
A1,
∇A2A1 = −
1
2s
A4, ∇A2A3 = −
1
2
A2,
∇A3A1 =
1
2s
A1, ∇A3A2 = −
1
2
A2, ∇A3A4 = −2A3,
∇A4A1 = A1, ∇A4A2 = −A2, ∇A4A3 = −2A3 −A4, ∇A4A4 = 8A3 + 2A4,
∇A5A1 = −
1
s
A1, ∇A5A2 =
1
s
A2,
all other ∇AiAj = 0.
The tensor RD of the following non-flat contact connection is of Ricci type, while
R(X, ξ)Y is not identically zero, so the almost CR structure (E ,Φ1) is integrable
but the almost contact metric structure (Φ1, ξ
h, Gt) is not normal.
∇A1A2 = −
1
3s
A3 +
2
3s
E4, ∇A1A3 = −
2
3
A1, ∇A1A4 = −
1
3
E1,
∇A2A1 = −
1
3s
A3 − 1
3s
A4, ∇A2A3 = −
1
2
A2, ∇A2A4 =
1
3
A2,
∇A3A1 =
1
3
A1, ∇A3A2 = −
1
3
A2, ∇A3A3 = −
1
3
A3,∇A3A4 =
1
3
A3
∇A4A1 =
2
3
A1, ∇A4A2 = −
2
3
A2, ∇A4A3 = −
2
3
A4,
∇A5A1 = −
1
s
A1, ∇A5A2 =
1
s
A2,
all other ∇AiAj = 0.
Finally, note that the Lie algebra g = span{E0, . . . , E4} of the group G is solv-
able. It is not unimodular (Trace adE4 = 2), hence, by a result of Milnor [6], the
group G does not possess a discrete subgroup Γ such that the quotient G/Γ is
compact.
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